
GRADIENTS x.ae/Rn,beRm,AERm"
Lapes = ate = sea → a

case, = setse= Ibell-→ 22

a"Are → (AtAT) x

1) Ax-b/12 → 2A" (Ase-b) → ATA

11A x-bll → At (Ase-b) IllAse-bll

Ase → A if Asetb

NORMS

betylls Hell Hyll to ≠)

Hellas ≤ Hell ≤/bell, ≤VN 11211 ≤ Nilsellas

lay/≤ tell Hyll (CSB) rely: bound attained

la.gl ≤#bell'+ Ellyll'∀t> 0 (Young)

Ilatyl Hae-yl' = 2/112112+11114 (Parallelogram)

Haetyll' =/bell" + Hyll" + 2112111/yl/cos-0 (L_of cosines)

Tif sety

strong/strict convexity → at most 2 minim.
f closed + u strong → at most a minim. proper t es tu strong → hitter
L-smooth → réchet → continuous

=/bell? + Hyll' +22-y
2 (a-b) • (a-c) = lla-bl12tlla.cl/2-11b-c112 Infbe)-pflyllls.LI/2e-yll­ll2e-yll2=l12e-ztz-yll2=lla-zll2tllz-yll'ta

? 

g y

convex: flaze + (1- d) y) ≤Xf(a) + (1- d) fly)-Edl-d) the-yll²

iff (² : D²f(2) 20, v. D²fbelv=µllul² ∀v

FLAMAT'S RULES

I) f: DC IRR; see argminf nintd a

(necessary:  c- intD, f diff at ) Dfat 0

I) D open; Cc D nonempty, closed, convex, f diff

set argminof → of (E) -ly- ) 20 ∀yeC

 ∈
→ of

convex + L-smooth, argminf#0:
→ flae)-minf? #I/often?

for affine C- {20} + VED.

BAILLON-HADDAD; fconvex + diff, 170; equivalent:

ar minf f L-smooth
f- (a) + Df(e) ◦ (z-2) + £.//Df(z)-Dfla)/1²≤f(Z) CONVEX Results:

f (z) ≤fbe) + Df(a) • (z--d) + Ellz-sell_ (Descent Lemma) bounded above → f constant

(Dfla)-Dfly)). (x-y)? [llDf(2e)-Dfly/11? ∃Lx,rx>o st lf(z)-fly)/ ≤Lx1z-y/ " "951am)

L-smooth + µ-strong: → detail epif and argmint convex
(Dfb)-Dfly)).la-y)?dulbe-yll²+#Dfla)-Dfly)/12 (Dfb)-Dfly)).be-y)? If /laetyll?

(2) + V

III) f: IRN → IR;  Eargminf ↔

II) f: IRN → R U {to}; Jée argminfc

2ND ORDER OPTIMALITY: fC²,  ED

je e argmin f ↔ of (E) = o and D 'flat? 0

→ ∃ {70 sit. flie) (fly) ∀y EB (Je, E)

O E 2

→ deaf/ )

floe)

FACTS ABOUT FUNCTIONS

£11 Ax-b 112 = ½. (ATA) se-(Atb) or

- convex; strong if A nons: µ = mind of ATA

- Hessian ATA IO
- Ker (A) = {0} ↔ argmin singleton

- strictly convex if A full column rank

- satisfies Pt -quadratic

HA sell is coercive

½/bell'd- strongly convex

FUNCTION PROPERTIES

nonexpansive /I flae)-flylll ≤/be-yll

super additive flae) + fly) ≤ flaty)

coercive: lipase) = • : ∀R>o ∃ pro sit. floel > R ∀ae∉BCo; p)

linaldell=s ↔ lipofleet = a

lsc: ∀ Eso 3870 sit. fly) ≥ floe)-E ∀ ye Blae, 8) ND

floe) ≤ limginfflate) free → se

strongly convex → strictly convex → coercive → at most a minim.

'Lipschitz cont.: Ifbe)-flyll ≤ (Ilse-yl

(strongly convex cannot be Lipschitz continuous)

contalse → closed

EXISTENCE OF MINIMIZERS
cont + coercive → argment#∅ closed: epit closed

f u strong ↔ flae)-¥12112 convex

ustrong + convex = µ strong closed + continuous = closed
closed + closed = closed

midpoint convex + continuous → convex

midpoint convex: f (sett) ≤ fx tfy

Pt: 2M (floe)-min f) ellipfbell?

int D#0 if at least one part of

cont → int (epif) ≠ ∅

µ strong → µ-Pt; and if A EIRMYN

→ fo A Pt

(Dflae)-Dfly)) ◦ (x-y)? ital/D flae)-D fly) 112 t + all Dfla)-Dfly/112
⟂

MATRICES AS FUNCTIONS AGRMAN

injectivity equivalences: ker(ATA)=kerA=ran(Att

ker A- 20} ker(A) + =ran(At
ran/AAT)-ran/A)-span of colslin indep columns

(necessary: NEM)

surjectivity equivalences:

ker (AT) = {03

bijechvity equivalences

A invert. (nuns)

ker A = {04

0 ≠ eigral of A

rows lin indep

cols lin indep (x)

del Ato

(necessary: N=M)

(X) ↔ Mso; if A=QTQ,

ker Q = 50}

lin indep rows

(necessary NIM)

(Au) or) (ATV)

Spectral Thm: for Q. Symm.

∃ (Vi, di) sit. {Vi} orthonormal

basis of IRW, and Q= Edivivit

Q≥0: 2TQR≥0

QEMI: Q-MI I 0

≥:X non neg; >: 170

Lilsell 211A sell? setAtAoe≥ulbell²

condition no: K = 4m (Mso)

ATA symm and to

Q = ATA → a. Qa = 11AM?

E- Projyle)-mizpyllz.ae/l=&fpyEllya-zty­


ll2e-Pclae)l1=minfl1se-zli:zec}-distla,c)

Gonly point s.t.be-Palae))./Z-PalaeD≤o∀ZEC

I/Palae)-Poly 111=112-yll

CONVEX SETS: G, C, ERN, C, ERM convex MERIT FUNCTION:
NC: also convex (infinity also works) 01×1 = 0 ↔  tag mint

✗ C, + C2, C, ✗ Cz, Alc,), also convex
A- ' (Cs), int C. C

ReintC, ye [→ seg (x,y] e int (

int c = E, int (= int (c)

C = conv (c)

if (not cont 103 → 7 V40 s.t.v.se so Free

Copen, Od C, N? 2 → ∃ nontrivial subspace

of IRN that doesn't intersect C

conv (c) = convex hull = all convex combos of

elements of C

=

nonempty need

convex sets:

{so} + V, open/closed halfspace

[v≤r} = {DERN: v. sees} d

[v= 23 hyperplane

{relax-b} = n[vi. ≤ 8;] polyhedron

f C² → ∀ VERN limo#like ttv)-flae)-toffelov
- #D²f be) vov/= 0

Descent direction: Frazo sit. flatfdkfix)

∀ JE (O, Ta)
0: cos" (Big)

d/z) (dw) ↔ z better appox sol than w

Examples: f (z)-inf f

dist (z, argmin f) 2

112- /12, where {a} =argminf

I/of 121112, where f convent differentiable

CONVERGENCE Set (Pal → 0 positive

da-Opal: sup, °F < to

=P Ipa): lines 0h/per

linear convergence: FCO, QE [0,13 Sit.
blah) ≤ (Qʰ; 0k = 0199), 9£ (0,1) pro

sublinear: de ≠ Olak) ∀ge (0,11, often still 0167

superlinear: da-◦ (99 ∀9E (al)

ratio test: order pro rate Recoil)
limassup [It = R; order, rate pela1): linear

polynomial convergence: deal ≤ Clap. pso

DIFFERENTIABILITY:

Gateaux: Df (e) • h = f' (se; b) = limbo

gradient orthogonal to the level sets of the function

Fréchet:∃a vector Glae) ER" sit. Gateaux
lips, 'f (ath)-flat-Glae).nl-◦ continuity

11h11

{do,..., do-is are conjugate Wirt" "Q" if" " dlQdj=o ∀i≠j

flatth)-floe) We use conj.in. prod say > Q: = se. Qy

orth. comp. Wt = {2:(Z, W 7=0 ∀weW}

for kernel: veterA ↔-vekera so z.ve and

Z-L-v14 → Z • V20 → z-r-o ∀ refer A

t

If (y)-floe)-Df Ge).ly-sell ≤ £112-y l'

E if so [a, JED

flae-to flae))-floe) ≤ t (¥-t.tl Df (sell'

neg for 1<2/1; min t='ll

)

fly)? f (x) + ☐ floe).ly-se) + ½/be-yll²

(Df (y)-Dfla)). (y-e) 20 + sell a-yll²

÷
ustrong + closed ↗ .

D closed, f Esc;D bounded or f coercive
. .

f Esc + D compact → arg mint ≠ ∅

adjoint: O (n) or = no  " (v)

= Uo



SUB GRADIENTS (f convex) some examples:

fly)? f (e) + voly-se) 413 270

f→R /all → [-1,13 2-0

{-1} 20

¾"}x≠0

Hell → Broil) 2=0

maxff.be),....fm/se)}, fi convex → R

let alsel- {i: flat-fila)}

of/e) = conv/Vieabe, afibel}

Hall,: piecewise (note this is

the sum of la.lt belt... min

equality holdsifatleastoneofthefnsiscont.at a/Reciprocity Formula:

• * effla) ↔ set of * (d")

If f u strong, ∀ y "ER" 32" C- IRN sit.

y' Eaf (x)

of/se) always closed and convex; nonempty and bounded

if domain IR"

a/ftg) = of tag;

Piecewise: flae) = Efi (ai) → af be) = IT/afila:)

indicator function: Ic =

dom (Lc) = ( epi (le) = (x [o, to)

bounded if reintd (empty if seedom) 4 closed ↔ (closed 4 convex ↔ (convex

a (ft g) ≥ aftag f be): dec} = min {f (a) + L (be): DER"}

point in the domain of the other

(x-y 1. ÉÉ? v5:" + ullse-y.li

+ ¥112-y/12

f→Ru{to}

of be) always closed and bounded, nonempty and

EXTENDED REAL-VALUED FUNCTIONS

f convex ↔ epif convex → dont, argmint, [F ≤ 2) convex ∀ JER

f strictly convex → argment empty or singleton

convex + (strictly) convex = (strictly) convex

closed equivalences:

f closed; ∀ r > inf f, [f≤y] closed; fidone is lost;

∀ seek" and all toea) → se, flat ≤ line, aint flaea)

affine minorant: f closed + convex → ICEIN KER s-t.
flae) ≥ code + α ∀ seek"

◦ if seec, too otherwise}

Normal core: 2 (c (2) = {Nebe) if seec, 0 if see C}

Ncca) = {germ: (g, y-a > ≤ 0 ∀y E C}

Pt: 2M (floe)-min f) ≤ min {110112: reaffe)} ∀ see dom (af)

ustrong satisfies Pt

PROX AND fz(¥ed)

prox f (Z) = argmize

fz be)-f (a) +2112-2112

{false)}

fz has unique minim.  sit. OEafzl )

I/proxf (e)-prox fly)l/≤ Ilse-yll so

Z-proxy/2) e 21 (prox, (z))

2fz (a) = of (x) tx-z Fa, Z

proxy continuous

C#0, closed and convex: proxy (e) = Proje (e)

f closed + convex → f' ly))-as and not id. + as

Resolvent: prox f (z) = (Itaf)-' (Z)

resolvent of of

FENCHEL CONJUGATE

f * (a) = supern{say-fly)} Bi conjugate: f * * = (FY" -%tfff
with eq. if f closed, convex and'

f≤g → f*=g*

f not id to → f* closed + convex

f closed, convex, not id to: Fenchel-Young Ineg: floe) + f * be 4 ≥ set.se
↳ f" = f (eg. iff see a flae)) flat = case + α

Reciprocity: a" Eaf/a) ↔ seeof*(a") → f * (y) = Lely)-α

if at =, then f u-strong iff f'L-smooth

Support functional: D= C. closed, convex:S, (y): = Lily) = sup {y.se: REC}

DUALITY primal mine {floe) + g (Ase)} dual minff * (Aty) + g*ly)}

fig closed + convex ↗ y

Duality gap: v+v* strong duality: gap=o, weak duality: gap:O

strong duality equivalences:

•  es, yes"
• -Atg tof(se) and geaging, " "E) tf"-Atg):-Atg.se'

and glaze + g*(g) = g. As

• flie) + g (AI) + f*(-Atg) + g*/j)-0

Moreover, if f cont and IgA proper org continuous;: sees → tytt". all

four statements above hold

Moreau's Identity: let g closed + convex, so

∀Y ERM proxsyxly) = Y-S prox gig (5 'y)

LAGRANGIANS Let f diff, take min {flaé: Ax=b}

associated Lagrangian: Lise. 2) = floel + z' (Ase-b) se primal variable, Z dual

 solution and E corresp. multiplier or Lagrange multiplier

↳ o = ☆ Lise, E) = (☐ ¥22B" E) Panted.la?bati#:ttIse,

augmented Lagrangian: La la.dk flae, + XT (Ase-b) + EllAse-b 112

MATHEMATICAL PROGRAMMING f. hit C' (IR" ; IR) (ie {I...., M})
minffbell Cfx: hm bet of

- no ing constraints: regular point tC sit. V={philses} lin indep.

Lag Multiplier Thm GRM

☐ flail + ÉIDhm (se) = ◦ lif also f, hi EC

y/A flat) + Eirthm (a))y≥o

- General case: now f, gj.hn EC' and we want {hm be 1=0, g; (e) to ∀m,j

 local minimize → FI unique sit.

Then  strict local minimizer

Active constraints: Aloe) = {j: g; (E)-o}

Karush-Kuhn Tucker: ie local min. → a unique  and in EIR! sit.

Line search, greedy: re: = argminpofifeto.be)

Line search, backtracking: Ja-Jamie (f initial guess, me 20 smallest possible integer

Armijo: f (sea tyde) ≤ f (re) + sypfbeas.de , SE (o, i), typ. ~ 10-"

Goldstein: flatt da) ≥ flee) + (i-s) 8 Pf (a).de

Weal Wolfe: Df (see + fda) ◦ da ≥ T Df (see)-de, Te (on), typ in (0,1; 0,9)

Strong Wolfe:/Dfbeettdal.de/sTIDflaalodal and order: if f, h; EC², , I as ↑ w strict inequality ↗ ∀ ye V'150}

regular point: V= {Dg; be), Dhm (a); je Also)} lin. indep.

ERM

☐ floé) + Éñ;rgjlsé) + {im Dhmloé)-o and µj = o ∀j ∉ A (E) so ÑjDgjbé)-o ∀j

If also f. gi, hm E C" → yo (D²flé) + {Imp-hm (E)) y 20 ∀y ∈ Vt

GM/GD: seat, = see-8D f (a); ✗ E (o,})

Acceleration methods: add a momentum term (sea-seat,)

Heavy-Ball ya = He + B (Ha-Ha-1); Rati-ya-✗ of/see)

Nesterov: ya = seat B (Ae-Ha-i); Han = Ya- α Df (ya)

(exp. subspace min.; line search along each dimension)

Hat, = He + Lapa: rent, = re the Qpa; Pat, =-rent, trepa; stops for re = o

α-F ; ra =D flxa); ja= (rat, rat,)/(ratra); α a =-(Petra)/(patape)

Q kdist drals → termination in at most k steps

Newton's method: seat. = see-[D' flat' ☐ f(seal; Quasi-N choose De-D' flea)"

secant condition:

stronghoner

Conjugate Gradient: for quadr. fns. ½ set Qx-bise + c, Q sq!it;D fix)-Qa-b

[☐ 'floen)]" (Df/anti)-Df (sent)-anti-ten

ProjGM: Rat, = Pc (Aa-Jaffee)) for mine,/flat};fL-sm 0≠C,

Met Mult: Reti-argmin {La (one, Na): RER'

closed, convex proximal: seat, = argmin {Lala Ha) + £112-Hall'}, dat, = dat α (Asean-b)
easy to project

onto pred-Cor: Pat, = data (Axe-b) ; Hat, = arnin/&!⅔mPgitn&1be-Hall"}; dat, = Net ✗ (A seat,-b)

ADMM for min f (se) + g (y): Ax + By = c}

Hey-argmin {false,ya, del}; yet,-argmin {Lalaat,,y, dell; dan-detalAratitBye.tt-4

Subgr. M Hat,-Ra-rda; dat afloat

PPM: Hat, = prox f (He); PGM: Hat, = argmig {g (7) + f (sea) + Df (de). (Z-k) + £/lz-stall}

PrPuM: Hati-proxy,/Re-Tahlea)-Tatya); yet,-proxy/ye +8A (22am-Ra))

TSHAN't#≤1; (Raj,Yaj) → ( , 5) ⇒ ij sols; Hati-Ha, Yate Ye → (Xin, ya) sols

proxyglae-reflxe))

; den = let & (Ada +,-b) (Ghetti? kt fan = o)


